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1. Introduction

The allocation of workers across firms is central to labor-market performance,
but occupations themselves are shaped by firms’ internal organization. Workers
do not only sort across firms; they also sort into different positions within the
firm hierarchy. Firms, in turn, decide how to organize production: how many
hierarchical layers to create, which tasks workers in each layer should execute,
and how much to specialize the workforce. These organizational choices have
profound implications for the sorting patterns we observe in the labor market.
This paper investigates how endogenous firm structure shapes the allocation of
workers across occupations and firms, and how we should compare jobs across
firms when hierarchies differ.

Using German administrative matched employer-employee data (LIAB, 2010-
2017), we document a novel empirical pattern. We focus on job switchers and
measure two aspects of workers’ positions within firms: their layer—defined as
the count of workers in the same firm earning less, a proxy for subordinates—and
their rank—the layer normalized by firm size, representing relative position in the
hierarchy. Measuring firm quality by leave-one-out average wages, we find that
when workers move to higher-quality firms, they tend to have more subordinates
(higher layer) but a lower relative rank in the destination hierarchy. This pattern
is robust to controls for age, tenure, occupation, industry, location, firm size,
and time fixed effects, and is confirmed through binned scatter plots and kernel
regressions.

These findings reveal an interesting sorting pattern: negative assortative match-
ing (NAM) across layers but positive assortative matching (PAM) across ranks.
Because many models abstract from within-firm structure, a unidimensional
approach would miss or misclassify these patterns. Our results suggest that a
complete understanding of labor-market sorting requires distinguishing between
a worker’s absolute position (layer) and relative position (rank) within heteroge-
neous, multi-worker firms.

To rationalize these empirical patterns, we build a tractable many-to-one as-
signment model with endogenous firm structure. Firms (type z) choose how many
layers m to organize and, conditional on m, assign workers of skill g, to each
layer n € [0, m]. Production aggregates the outputs of layers through an importance
function a(n, m): higher layers are more consequential (da/dn > 0), but any given



layer’s importance falls as the hierarchy becomes taller (da/dm < 0). This captures
the idea that as firms stretch production across more layers, each layer’s marginal
contribution dilutes.

Workers choose jobs (z, n, m(z)) to maximize wages, which equal marginal
product at the optimum. The model delivers two key results. First, firm hierarchy
size m(z) is increasing and convex in productivity z. Second, the equilibrium
assignment is linear in productivity and layer share: u(z, n,m) = yo(n/m(z))z.
This implies within a firm (fix z), higher layers hire higher-skill workers (PAM
across layers), but across firms (fix layer n), the skill assigned to that layer declines
with firm productivity (NAM across firms for a given layer). The intuition is that
as z rises, firms optimally expand hierarchy m(z) rapidly; the dilution of layer
importance (via 0a/dm < 0) can outweigh the direct productivity effect, making a
given layer less valuable at higher-z firms.

The model reconciles the empirical pattern through a simple comparative
static. Holding skill fixed, moving from firm z to 2’ > z requires n’/n = (2//z)°
(more subordinates), but in terms of rank ¢ = n/m, we have ¢/’ = 2’/z (lower
relative rank). Thus, workers who move to higher-quality firms should show more
subordinates but lower ranks—exactly what we observe in the data.

This framework allows us to compare workers and occupations across firms
even when hierarchies differ. The classic Becker insight—PAM with supermod-
ular match value—must be modified because firm structure m(z) endogenously
shifts layer importance. We derive a sufficient condition for PAM across firms: the
elasticity of importance to hierarchy size cannot be too large. In a simple param-
eterization a(n, m) = ap(n/m)%*, PAM obtains if & < 1/(1 + o). Intuitively, higher
layers cannot become “too much” more important than lower layers as hierarchies
grow, or else firms optimally substitute skill upward inside the hierarchy, inducing
NAM at any fixed layer.

Beyond sorting, the model ties structure to wage dispersion in a natural way.
CEO-type pay scales with 2179, and the full wage schedule permits decomposition
of within- and between-firm log-wage dispersion. Under Pareto distributions
for z and g, we can match observed facts such as convex right tails in log-wage
distributions and target the ratio of within to between components. A further
aggregation result shows that under Pareto-distributed 2z, aggregate output can
be represented as Y = AL—a representative-firm formulation—so the assignment
model conciliates with canonical macro aggregates while preserving rich micro



sorting.

The model also guides the interpretation of job switches. A job mover to a

higher-paying firm who ends up not only with more subordinates but also a higher
relative rank has, through the lens of the model, most likely experienced a real
skill upgrade. When only the layer rises (but rank falls), the change reflects com-
positional effects from the destination firm building taller pyramids rather than
genuine skill advancement.
Related Literature. This paper contributes to several strands of literature. First,
it relates to the extensive literature on sorting, inaugurated by Becker (1973)’s
seminal contribution and surveyed in Chade, Eeckhout, and Smith (2017). The
closest resemblance is to work on many-to-one assignment models (Kelso and
Crawford 1982; Kremer 1993; Kremer and Maskin 1996; Eeckhout and Kircher 2018).
We contribute by allowing the “many” part of many-to-one to be endogenous while
incorporating heterogeneity inside the firm in a tractable manner.

This paper also relates to recent work investigating negative sorting in many-
to-one assignment models (Ahlin 2017; Chade and Eeckhout 2018; Eeckhout 2018;
Boerma, Tsyvinski, and Zimin 2021). Here, negative sorting takes a simpler form
enabled by multidimensional job characteristics: fixing a specific layer, the skill of
the worker employed at that layer decreases as firm productivity increases. This
shows that negative sorting in a multimarginal environment can be simplified by
expanding the type space.

The paper connects to the literature on knowledge hierarchies (Garicano 2000;
Garicano and Rossi-Hansberg 2004, 2006), where workers with distinct knowledge
levels band together to solve problems. Our production technology is a reduced
form of a variation of this economy, but generates a novel sorting pattern: PAM
across layers and NAM across firms. This is relevant because a unidimensional
sorting model might not capture complex patterns in data that does not display
monotone sorting in firm-layer pairs.

We also relate to recent work on endogenous firm structure (Deming 2017;
Adenbaum 2022; Freund 2022). While these papers tackle how to assign tasks
to workers with multidimensional skills, we assume skill is unidimensional and
workers are fully specialized within layers. This simplification provides tractability
when characterizing multidimensional sorting patterns that may differ in each
dimension.

Finally, the problem of linking firm size and productivity with workforce com-



position has a long history (Manne 1965; Lucas 1978; Jovanovic 1982; Rosen 1982).
Eeckhout and Kircher (2018) unite firm size determination and sorting assuming
size and worker skill are essentially substitutes, with firms hiring a single type
of worker. We depart by allowing heterogeneous workers inside the firm while
assuming substitutability in efficiency units between top and bottom layers, in
line with Rosen (1982).

The rest of this paper is organized as follows: Section 2 presents the empiri-
cal patterns; Section 3 lays out the environment and characterizes equilibrium;
Section 4 derives the supermodularity condition and compares hierarchies; Sec-
tion 5 presents aggregate predictions; Section 6 discusses extensions; Section 7
concludes.

2. Empirical Patterns

This section documents novel empirical patterns of worker sorting within and
across firms using German administrative data. We show that when workers switch
to higher-quality firms, they systematically end up with more subordinates (higher
layer) but occupy a lower relative position in the destination hierarchy (lower rank).
These findings motivate our theoretical framework by demonstrating that sorting

patterns depend critically on how we measure workers’ positions within firms.

2.1. Data and Sample Construction

We use the LIAB (Linked Employer-Employee Data from the IAB) for the period
2010-2017, which combines administrative employment records with establish-
ment survey data (Dauth and Eppelsheimer 2020). The data provide complete
biographies of the entire workforce for a representative sample of German estab-
lishments, including information on wages, occupation (KIdB 2010 classification),
establishment identifiers, industry, location, age, tenure, and other worker char-
acteristics.

Our sample focuses on West Germany, private sector establishments, and full-
time workers aged 20-65. We observe the complete composition of establishments
in each year, which allows us to construct measures of workers’ positions within
the firm hierarchy. The panel structure enables us to track job switchers—workers
who move from one establishment to another between consecutive years—and

compare their positions before and after the switch.



2.2. Measuring Hierarchical Position

We construct two complementary measures of a worker’s position within the firm
hierarchy, both based on the wage distribution within each establishment-year:

Layer. Foreachworkeriinfirm jattime ¢, we define layer as the count of workers
in the same establishment-year who earn strictly less than worker i. This provides
a measure of how many “subordinates” a worker has in the firm wage distribution.
Formally:

Layer

jjo = #{ke firm jat £z wy < wij,)

where w;;; is the wage of worker i in firm j at time ¢ and the count includes all
workers in the same firm-year. A higher layer indicates a position with more
subordinates in the firm wage hierarchy. This measure captures the absolute
position of a worker in the firm’s organizational structure.

We also construct a binned version that groups workers into categories of
intervals of layer (e.g., bin from 0 to 5 subordinates, bin from 6 to 10 subordinates,

etc.) to reduce sensitivity to small wage differences and measurement error.

Rank. We define rank as the layer normalized by firm size, providing a measure
of relative position within the hierarchy. This captures how close to the top of the
organizational pyramid a worker is located:

Layer;;;

Ranki jt =

where Size j; is the total number of workers in firm j at time . Rank ranges from 0
(bottom of hierarchy) to approximately 1 (top of hierarchy).

The distinction between layers and ranks is crucial. A worker can have more
subordinates (higher layer) when moving to a larger, better-paying firm, yet occupy
a lower relative position (lower rank) if the destination firm has a substantially
taller hierarchy. This dual measurement allows us to separately identify absolute

and relative hierarchical positions.

2.3. Firm Quality Measure

Following the literature on job mobility (Jarosch, Oberfield, and Rossi-Hansberg
2021; Gregory 2020), we measure firm quality using the leave-one-out mean log



wage:
1
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This measure captures average compensation at the establishment while excluding
worker i's own wage, thus avoiding mechanical correlation. Higher z_; it indicates

a higher-quality firm that, on average, pays better wages.

2.4. Empirical Specification

We focus on workers who switch establishments between consecutive years and
estimate how changes in firm quality affect changes in hierarchical position. For

worker i moving from firm j to firm j' between periods t - 1 and t, we estimate:

log(d;ir,) —1og(dijr_1) = Bo + P1 [log(z_i]-/t) - log(z—ijt—l)] +Xiy+e (D)

ijt» Rank;y, ijt

position measures, and X;; includes controls for firm size, worker age, tenure,

where ¢;;; € {Layer LayerBin; .} represents one of our hierarchical
occupation fixed effects, industry fixed effects, location fixed effects, and year
fixed effects.

The coefficient 3; captures how a percentage change in firm quality translates
into a percentage change in hierarchical position. Under positive assortative
matching (PAM), we would expect 3; < 0: an increase in firm quality should
lead to a lower position in the hierarchy (lower layer or rank) keeping fixed the
worker’s skill. In other words, a better firm requires a more skilled worker to
occupy the same hierarchical position, so a given worker would need to move
down the hierarchy to match with the higher-quality firm. On the other hand,
under negative assortative matching (NAM), we would expect 3; > 0: an increase
in firm quality would lead to a higher position in the hierarchy (higher layer or
rank) for the same worker quality.

2.5. Main Results

Table 1 presents our main regression results. The findings reveal a striking dual
pattern:

Layers (NAM): The coefficient on layers is positive but statistically insignificant
(0.143, p = 0.471). If anything, moving to higher-quality firms is associated with



TABLE 1. Effect of Firm Quality Changes on Hierarchical Position (Job Switchers)

Layer Layer Bin Rank

Alog(z) 0.143 0.065  —0.915%**
(0.207) (0.075) (0.092)
p-Value 0471 0473 0.000
Controls Yes Yes Yes
Observations 7,177 7,177 7,177

Notes Dependent variable is the log change in hierarchical position measure. All specifications
include controls for firm size, worker age, tenure, occupation fixed effects, industry fixed effects,
location fixed effects, and year fixed effects. Standard errors in parentheses. *** p < 0.01.

weakly higher layers (more subordinates). This rejects positive assortative matching
across layers and provides weak evidence of negative assortative matching.

Ranks (PAM): The coefficient on ranks is negative and highly significant (-0.915,
p < 0.001). A 10% increase in firm quality is associated with a 9.15% decrease in
relative rank. This provides strong evidence of positive assortative matching when
position is measured by rank: better workers (moving to better firms) occupy
relatively lower positions within larger, more complex hierarchies.

These results suggest that the answer to whether we observe PAM or NAM
depends critically on whether we measure position in absolute terms (layers) or
relative terms (ranks).

Figures 1 and 2 present residualized binned scatter plots that visualize the
relationship between firm quality changes and hierarchical position changes, after
partialling out all controls. Figure 1 shows that the layer-firm quality relationship is
relatively flat or weakly positive, consistent with the regression results. In contrast,
Figure 2 displays a clear negative relationship: workers who move to higher-quality
firms systematically experience declines in their relative rank.

Additionally, Figures 3 and 4 present nonparametric kernel regression esti-
mates that confirm these patterns without imposing linearity. The kernel regres-
sions corroborate the parametric results. Figure 3 shows that the layer-firm quality
gradient is essentially flat or weakly positive, providing little evidence of PAM
across layers. Figure 4 demonstrates a robust negative gradient, indicating strong
PAM when position is measured by rank.

These empirical patterns reveal a fundamental tension in how we conceptual-
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FIGURE 1. Change in Layer Bin vs. Change in Firm Quality (Residualized)

Notes: Binned scatter plot showing the relationship between changes in firm quality and changes
in layer bin position after residualizing on controls. Each point represents a bin of observations.
The relationship is weakly positive, indicating that moves to higher-quality firms are associated
with slightly higher layers (more subordinates).

ize sorting in labor markets with heterogeneous firm structures. The conventional
wisdom that better workers sort into better firms remains valid, but also cru-
cially depend on how we measure workers’ positions within rich organizational
hierarchies.

When we measure position by the number of subordinates, moving to higher-
quality firms does not necessarily mean moving to higher positions. A worker
moving from a small, low-quality firm to a large, high-quality firm may gain subor-
dinates in absolute terms without necessarily improving their relative position in
the hierarchy. On the other hand, when we measure position by relative location in
the hierarchy, we observe clear positive assortative matching. Workers who move
to better firms occupy positions that are further from the top of the destination
hierarchy. This suggests that firm quality and worker quality are complements
when we account for the endogenous variation in firm size and structure.

These findings motivate our theoretical framework in Section 3, which explic-
itly models how endogenous firm structure choice generates these dual sorting
patterns. The model will show that this empirical pattern arises naturally when:
(1) more productive firms choose taller hierarchies, and (ii) the importance of
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FIGURE 2. Change in Rank vs. Change in Firm Quality (Residualized)

Notes: Binned scatter plot showing the relationship between changes in firm quality and changes in
rank after residualizing on controls. Each point represents a bin of observations. The relationship
is strongly negative, indicating that moves to higher-quality firms are associated with substantially
lower relative ranks within the destination hierarchy.

Layer Bin vs Firm Wage Changes (Kernel, resid.) Rank vs Firm Wage Changes (Kernel, resid.)
Controlling for Industry, Region, Year, Education, Age, Tenure o Controlling for Industry, Region, Year, Education, Age, Tenure
~ 2
z -
[ e
£ Lo
m x
5 S
9]
> o
E o —/‘f/ co-
£ )
o)
5 S
5% &
8 O 9
] o
o S
S+
o
T T T T ! - T 1
-2 -1 0 1 2 3 -2 -1 0 1 2 3
Log Change in Firm Wage (resid.) Log Change in Firm Wage (resid.)
kernel = epanechnikoy, degree = 1, bandwidth = .5, pwidth = 19 kernel = epanechnikov, degree = 1, bandwidth = .5, pwidth = .16
FIGURE 3. Layer Bin FIGURE 4. Rank

Notes: Kernel regression estimates of the relationship between changes in firm quality and changes
in hierarchical position. Left panel shows layer bin relationship is nearly flat with slight positive
slopes, rejecting strong PAM across layers. Right panel shows rank relationship has a consistently
negative slope, with workers moving to higher-quality firms experiencing substantial declines in
relative rank.

any given layer dilutes as the hierarchy expands. These mechanisms generate
NAM across layers but PAM across ranks, reconciling the empirical evidence with
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economic intuition about complementarities between firm and worker quality.

3. Model

This is a static many-to-one assignment model of labor market sorting with struc-
ture choice. Firms choose how to organize production and which workers to
assign to each layer, while workers choose where to work. This setup results in a
multimarginal matching environment where the number of workers per firm is
endogenous

3.1. Population

There are two types of risk-neutral agents in this economy, firms and workers.
There is double-sided heterogeneity, from which the assignment problem arises.
Firms have their mass normalized to 1 while workers have mass M. Firms differ
in their productivity, which I denote by z € Z := [, Z]. Higher z means higher
productivity. We can think of 2z as reflecting the amount of capital in each firm (in
an environment where capital and labor are complements) or the quality of the
project that a certain firm is engaged in. I assume that z is distributed according
to cdf G(z).

Workers differ in their skill, denoted by g € Q := [g, g]. This is a unidimensional
measure of worker productivity and encompasses all the characteristics that are
relevant for production: education, experience, innate ability. High skill workers
have larger g, which is distributed according to cdf H(q). Workers consume all
their earnings, so I assume their utility is equal to the wages they earn.

3.2. Production Technology

Production is organized into different layers, where different individuals are as-
signed to each layer. Firms produce a homogeneous good and production requires
the combination of a firm and at least one worker. The number of workers per
firm is an endogenous object.

Layers are denoted by n and represent a worker’s position in a hierarchy. This
should not be interpreted as a job title, but simply as the number of subordinates
that a worker has in a given hierarchy. The total number of layers in a firm is
denoted by m, which is chosen by the firm before it enters the labor market. So
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the layers inside a firm form an interval [0, m]. Denote by g the skill of a worker
assigned to layer n in a firm with m total layers. In the baseline model, the product
of each layer is independent from the others. So we can denote the output from
layer n in a firm with productivity z by

f(z,qnm) = zanm (2)

where o < 1is the return to worker skill.

An important assumption about the organization of firms is that they can only
hire one worker for each layer. This imposes the restriction that workers cannot
be side by side in a hierarchy, they must be ordered one way or the other. This is an
unnatural restriction, as firms choose not only how big they want to be vertically,
but horizontally as well (meaning how many workers to hire for each layer). As it
is, this is a necessary assumption for tractability which is not without loss. The
consequence of this assumption is that firm size and hierarchy both have the same
meaning in the model, namely the variable m. As such, we cannot separate the
effects of size and hierarchy on sorting. This is a drawback of this setup, but one
that provides important gains in tractability that allow us to compare layers and
workers across firms without having to know the size or composition of each firm.

Nevertheless, the model is not wholly inconsistent with firms choosing the
size of each layer as well. From the firm’s perspective, we can think of g9, as
being the total effective labor units hired for layer n out of m. Then, when the firm
chooses gnm, it chooses the total amount of labor for that layer. The way that labor
is going to be provided inside the firm is a product of the skill of all the workers
in that layer. The actual number of workers in that layer then (not the effective
labor supplied for that layer) will depend on whether workers are complements
or substitutes when producing gnm. I go into more detail on how it is possible to
extend this model to allow for multiple workers in each layer in Section 7 and
argue that the qualitative results I show below are consistent with a model of
multi-worker layers if workers are perfect substitutes within the layer.

The production technology has the unique feature that a worker’s participation
in the firm’s final output depends on their relative position inside the firm. Workers
in different layers face different tasks and, thus, have different productivities.
This is captured by function a(n, m), which I call the importance function. A
worker with skill g working in firm 2z at layer n out of m total layers will have
their output scaled by a(n, m) so that the output generated by layer n is given by
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a(n,m) f (2, qgnm). The final output of the firm is obtained by combining linearly
the output of each layer. That is, total output is given by

F(z, {qum} o) = [ a(n,m) f(2, qum)dn ®)

The key assumption about this technology is that a(n, m) is differentiable with
g—,‘fL > 0 and g—% < 0. That is, as a worker moves up the hierarchy of a firm, their
participation in total output grows, or their skill level becomes more important
for the firm. However, as the total number of layers grows, the importance of a
particular layer suffers.

This can be thought of as a reduced-form expression for a task assignment
problem in a knowledge economy not too dissimilar from that of Garicano and
Rossi-Hansberg (2006). Consider an environment in which problems arrive to a
firm at a constant rate. These problems need to be solved in order for production
to occur. Problems differ in their payoff, with some problems generating larger
output if solved. Every worker has a probability of solving a problem proportional
to their skill and independent of the problem’s payoff. Then, due to supermodular-
ity between worker skill and the payoff of solving a problem, firms are going to
assign more important problems to higher layers. So the importance grows with
n. However, as the firm adds more layers on top, existing layers only have access
to lower-level problems, hence the importance decreases in m.

This knowledge economy differs from Garicano and Rossi-Hansberg (2006) in
two relevant ways: there is no communication between layers and the value of
problems varies. I made these assumptions (which shape the way a(n, m) behaves)
for two reasons. First, my focus is not on knowledge transmission inside the firm.
Second, this creates a distinction between a worker’s layer and their rank inside
the firm, which disciplines the way we look at job transitions in Section 5.

3.3. Assignment

The key problem in the labor market is to solve for the assignment function,
which dictates what worker type will be assigned to each particular layer in each
firm. Then, the assignment function is a function p : Z x R x R — Q that takes
as arguments the type of the firm, the layer and the total number of layers in
that firm and gives us a worker type. This function is equivalent to a probability
measure on the space Z x R x R, that is, it tells us what is the density of workers of
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type w(z, n, m) working at a job described by the triple (z, n, m), with the condition
that the marginal distribution with respect to Z is G.

3.4. Firm’s Problem

The problem of the firm consists of two stages. First, the firm chooses into how
many layers it wishes to subdivide its production process. Second, given the num-
ber of layers and the wage that each type of worker is capable of earning in the
labor market, the firm chooses the skill of each worker to hire for each layer.

We start by solving the firm’s problem from the labor market, taking m as given.
Then, in this stage, the problem of the firm can be written as

m m
n(z,m)= max 5 [ a(nm)gimdn= [ w(qum)dn (@

dnmysy_q

The firm is choosing workers from the set Q to assign to each layer. The firm is
free to choose any subset of Q with cardinality equal to m. In practice, each firm
will hire an interval of Q with size m. In turn, the firm has to pay each worker a
wage that depends on their skill level. What determines this wage is the interplay
between the worker’s marginal product in a specific firm-layer pair (2, n) and also
the best wage that this worker could get if they worked in another firm-layer. I will
go into more detail on this when introducing the worker’s problem.

Then, the FOC of the problem above is given by

W' (gnm) = oza(n, m)qg,; (5)

The above condition relates the cost and the benefit of hiring a worker that’s
marginally more skilled for layer n while leaving the skill of all other workers
fixed. The cost is the marginal increase in the total wage bill from hiring a better
worker for that position. The benefit is the marginal product of layer n our of m.

The condition above plus the worker’s optimality allows us to characterize
w(z, n,m) and w(qnm). Armed with these objects, we can now move back to the
problem of structure choice. The firm chooses m to solve

max mi(z, m) — c(m) (6)

where c(m) is the cost of setting up a larger or more vertical firm. The assumption
on c(m) is that it is differentiable and convex, so the maximization problem above
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is well-defined and has a unique solution. The idea behind there being an extra
cost associated with m comes from the larger fixed costs of operating a large
firm. More employees necessitate more office space or larger factories in order
to work properly. Additionally, one can think of more verticalized organizations
as being more prone to communication or coordination errors between layers,
which would also be convex. I assume that these costs are independent of the
skill of workers in each layer and depend only on the total number of layers. The
solution to the problem above will induce a function m(z), which connects a firm’s
productivity to its organizational structure.

3.5. Worker’s Problem

Workers simply choose which job, indexed by (z,n,m), they wish to work in,
provided that firm z is willing to hire that worker for layer n. Then, since workers
are risk-neutral, worker g will accept a job (z, n, m) provided that

w(u(z,n,m)) >w(uw(z,n',m")), v,n,m) st. ' <m' =m(z) )

and w(z,n,m)=w,n',m)=¢q

The condition above states the worker will take the job that offers the highest
wage among all the jobs that are available to them. For a job to be available to a
worker, we need three conditions to hold: first, the layer that the job is in must
within the firm, hence n’ < m/; second, m’ must be a solution for firm z’, hence m’ =
m(2'); finally, the worker’s skill level must solve the firm’s FOC, hence n(z’,n’,m’) =

q.
4. Equilibrium

With these definitions in hand, we are now ready to define a competitive equilib-
rium for this economy.

DEFINITION 1. A competitive equilibrium is a set of functions u : Zx R xR - Q,
w:Q - R, and m: Z - R such that (i) u solves (4); (it) m solves (6); (iii) w satisfies
(7); and (iv) the allocation is feasible:

e - [ HERED) G5, Wiz n) € 2x [0,m(2)] ®)
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The feasibility constraint states that labor demand and labor supply have to
be equal in equilibrium for every job denoted by (2, n). Note that m is subsumed
from the definition of a job in equilibrium, as m = m(z) for all jobs that are offered
in equilibrium.

4.1. Allocation

Now we are ready to characterize an allocation. For the remainder of the text, I
will assume functional forms for a(n, m) and c¢(m). However, this is not necessary
to solve the model. In the Appendix, I provide a numerical solution method for
a broader class of primitives. The method consists of performing a change of
variables to write the model in terms of a worker’s rank inside the firm, that is, %.
Once this is done, firm optimality and feasibility can be used to give us a system
of differential equations in p and w. Solving this system can be straightforward
depending on the distributional assumptions over G and H.

To get analytical results, I will now assume that a(n,m) = aLmn. This is not a
necessary assumption, the model can be characterized in closed form for a wider
range of importance functions, this is purely for tractability. The assumption
that will be necessary for the results that are to come is that the dependence
between n and m comes purely from their ratio 7. Solving the model without
this assumption is still possible, but the comparison between workers in different
firms that I present in the next Section would be compromised.

To characterize the allocation, we will focus on equilibria that are linear in
z, that is, u(z,n,m) = u(n,m)z. Plugging this guess into the firm’s first order
condition and integrating over gum; gives

o a(nm) 4,

Then, the profit t(z, m) can be rewritten as

1+o

l1+o0

mi(z,n) = fom a(n,m)u(n,m)°dn

. 2 . .. -
Now we make the assumption that ¢(m) = £5&-. Again, this is purely for tractability,
and the only key assumption on c(-) is that it is convex enough for the problem
below to be strictly quasi-concave in m:
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Z1+cr sz

foma(n, m)u(n, m)®dn - —

From this, we are able to prove the following Lemma:

max
m 1l+o0

2
%% and c(m) = XJ-. Then p(n, m) = £2%, for some

constant wy > 0, is an equilibrium. Additionally, m(z) = Bz1*°, for some constant
3 >0.

LEMMA 1. Suppose a(n,m) =

PROOF. See Appendix for proofs. O

Knowing the aforementioned equilibrium objects, we can go back to the labor
market equilibrium to find the assignment function over (z,n). In an abuse of
notation, I will call u(z, n) = u(z, n, m(z)) the quality of worker employed at job
(z,n), since there is a one-to-one mapping between m and z. Then, we find that

Hon

w(z,n) = @

The most noteworthy aspect of the above assignment function is that it contains
both PAM and NAM characteristics. Fixing a firm type z, we find that the allocation
across occupations is PAM. That is, inside a firm, because higher layers have larger
importance, the firm will hire more skilled workers.

However, if we fix the layer n, we see that the allocation across firms is NAM.
That means that the skill of a worker with n subordinates in a firm with productiv-
ity z is higher than the skill of a worker with the same number of subordinates in a
firm with productivity 2’ > z. This result might seem initially puzzling, but remem-
ber that the hierarchy size grows exponentially with 2z, according to Lemma 3.2.
Consequently, as we increase z, there are two effects. First, higher productivity is a
force that attracts more skilled workers. Second, higher hierarchy size reduces the
importance of that layer, which attracts less skilled workers. Due to the convexity
in m(z), the importance of layer n is falling faster than the gains in productivity
due to 2z, which causes job (2, n) to be ranked higher than job (z/,n). On the firm
side, because layer n has lower importance for firm 2/, that firm is willing to
substitute the skill of a worker in that layer for the skill of workers in higher layers.
So the firm is willing to hire a worse worker for layer n if it means that it can get
hire better workers for more important layers. Hence, u(z,n) > u(z/, n).
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This result is a direct product of the way we modeled the importance function
a(n, m). If instead we had assumed ST‘T‘I > 0, then we would have PAM in both
dimensions. Although this result may seem to contradict our intuition, I will
discuss further in Section 5 how to use this richer sorting among pairs (z, n) to
discipline the way we look at job transitions in the data.

4.2. Supermodularity

Sorting patterns are usually a result of the complementarities between the two
sides of a market, as dictated by the production technology. From Becker (1973)’s
seminal paper to more recent investigations into sorting with search frictions, the
discussion is usually framed around a cutoff for the level of supermodularity that
is sufficient to induce PAM. In the neoclassical, frictionless model (Becker 1973;
Rosen 1974), if the match value is supermodular, then we have positive sorting.
When search frictions are present, because there may be imperfect information
about prices and types (Shimer and Smith 2000) or because there is a probabil-
ity that no match is formed (Eeckhout and Kircher 2010), the supermodularity
requirement is stronger.

In this particular case, the technology that relates z to g, the function f, is
supermodular and there are no trading frictions in the environment. So shouldn’t
we expect the allocation to be PAM? The reason our initial intuition fails is because
now m is an endogenous object that varies with firm productivity. Hence, the
choice of firm structure affects directly labor market sorting.

Since m depends on z, we need to derive the necessary condition for the
production function to be supermodular in this particular context. Using our
definition for the production function, in equilibrium, for a particular layer with

worker g:

0’F(2,q) _9%(a(n,m)f(2,9) _da(n,m)df(z,q) ,
Swoq - 020 =5 5 ™ (2) +a(n,m)

02f(2,9)
0204q

where q is the set of all workers employed by this firm in equilibrium. For F to
be supermodular, we need aazz_az > 0. Then, rearranging the expression above, this
inequality becomes
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f2q(%9F (%) |eamllems
fz(z; q)fq(z) q) Efz

where f, represents the derivative of f with respect to variable x and ¢, s is the

©)

elasticity of function r with respect to variable s as defined in the standard way:

€rs = LS)S
©or(s)

Equation (9) shows us exactly how strong the supermodularity between z and
g have to be in order for the productivity gains to dominate the loss in importance
from increased firm size. On the left-hand side, we have the cross-derivative of
log f. On the right-hand side, we have a measure of how fast the importance
function changes as we increase z. First, m changes at a rate |ey; z| as z increases.
Second, this feeds into the importance function, which falls at a rate |eg | in
response. This is corrected by the larger output generated per unit of worker skill,
which grows at rate e ¢ .

Another aspect of this equation that is noteworthy is that it is possible that
the right-hand side exceeds one, which would require f to satisfy a condition
that is potentially stronger than log-supermodularity. As discussed above, log-
supermodularity is usually a strong condition that is sufficient for PAM in appli-
cations with search frictions. This suggests that substitutability between layers
induces a submodularity effect that is potentially stronger than the substitutability
of the matching function in a search context. In the latter case, in a directed search
context, a high skill worker can search for jobs in low productivity firms and obtain
a match with higher probability. If the two sides of the market are sufficiently
substitutes, then the increased probability of matching will be high enough to
counteract the lower match value. The logic in the former case is entirely through
the match value: a high skill worker accepts a job at a firm with lower productivity
because the effective productivity of that job, a(n, m(2))z, is higher.

Below, I show a condition on model primitives for a restricted class of impor-
tance functions that highlights the main mechanisms behind how supermodularity
works in this particular model.
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PROPOSITION 1. Suppose a(n, m) = ag (%)cx. Then, the allocation exhibits PAM if

1
1+0°

x <

When a worker considers accepting a job at a firm 2’ instead of z < 2/, three
forces act over the match value. First, it increases linearly with z. Second, m
increases at a rate 1 + 0. Hence, the expression on the right-hand side of the
condition above reflects the adjusted growth rate in match value that comes
from the increase in firm productivity. Finally, the productivity of the job that the
worker is going to execute falls at a rate «, equal to the elasticity of a(n, m). The
condition above shows how parameters o and o must interact in order to have
the productivity growth be higher than the importance decrease. In particular,
a(n, m) needs to be "concave enough" in the sense that the importance of high
level layers is not too high compared to the importance of low level layers.

5. Comparing Hierarchies

One problem that arises in empirical work is how to compare different occupations
in firms with different productivity. Since the organizational structure is firm-
specific, the same occupation label may involve the execution of a different set of
tasks and may include a larger or smaller managerial content (influencing how
much that worker interacts with peers). Having a disciplined way of comparing
workers across firms is relevant to the understanding of job transitions as well as
measuring the extent of sorting in the labor market.
Now I tackle the problem of comparing workers across firms in a way that allows
us to make predictions about job transitions and how that relates to sorting. With
the allocation in hand, we can now use the assignment function as a basis for
comparison between firms of different productivity. The way to do this is to look
for the set of firms that a worker can be assigned to in equilibrium. Since the
assignment function takes both z and n as an argument, this would give us the
relationship between firm productivity and layer that is necessary to keep worker
quality fixed.

Suppose we wish to compare layers across firms z and z’. Take a worker at
some layer n in firm z. If this worker were to change jobs to work in firm 2/, the
layer n’ to which this worker would be assigned must satisfy
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i(z,m) = (@) < = - (Z;) (10)

It has to be optimal for firm 2’ to hire this worker at layer n’, hence we are using
the assignment function (which, remember, satisfies the firm FOC) evaluated at
(z',n’). Since the skill of the worker doesn’t change when moving from one firm
to the other, we need u(2’,n’) = u(z, n).

The equality above is another way to express NAM across firms: as a worker
moves to a more productive firm, we expect that worker to have more, not less
subordinates in the higher firm. Perhaps more interestingly, this is true even
though the average skill of workers inside a firm, given by

3(2) 1= [ " uizmdn e 22,

is increasing in productivity. Then, in this thought experiment, this worker moves
to a firm in which the average worker is more productive than they most likely
are, but they still manage to have more subordinates than before. The reason for
this, as explained before, is the relative importance of layer n’ (and of all layers
below n’) in the new firm is low enough that the firm is willing to hire a worker
that’s possibly worse than its average employee.

Now we repeat this exercise, but using as a basis for comparison the rank of
the worker in each firm. Define ¢ := . Then, the same worker is hired in two
different firms as long as

¢ 7

oz (11)
Then, we see that in ranks, the allocation is PAM across firm productivity. This
means that, if a worker were to move from firm 2z to 2/, even though they would
work in a higher layer and have more subordinates at 2/, their relative rank would
decrease in the new firm.

This result is useful for two reasons. The first one is that it allows us to think
of the correct notion of what positive sorting means in an environment with
differentiated multi-worker firms. As I have shown above, looking at the way
workers sort across n or ¢ delivers different predictions on the type of sorting
we expect to see. If we were to use a model of knowledge hierarchies in the vein
of Garicano and Rossi-Hansberg (2006), conflating n and ¢ would come without
loss and we would expect to see PAM in both cases. Therefore, in a dataset that
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exhibits NAM across the n dimension, we could inadvertently reject the model or
draw wrong conclusions about the skill ordering of workers in different firms. The
main takeaway here is that the context in which that worker is inserted matters
for the notion of sorting. Then, if we were to use a model like Garicano and
Rossi-Hansberg (2006) to calibrate parameters in the data, a measure of ¢ would
more properly align with the predictions of the knowledge hierarchy model. This
measure could be the worker’s occupation label if, for example, we have a way of
credibly ordering occupations by their managerial content. Then, we could use
the occupation label as a proxy for someone’s rank in the firm, i.e., a lead project
manager has a higher ¢ than a project manager.

The second reason is that it recontextualizes job transitions in a way that gives a
fuller description of the way the job ladder operates. Suppose we can observe both
firm productivity and the number of subordinates for each particular position at
the firm level (that is, the pair (2, n) is observable). Then, when we see a worker
move from a (z,n) to (2/,n’), with 2’ > z and n’ > n, cursory intuition would tell us
that this worker is moving up the job ladder. However, in light of this model, this
transition is expected for this worker and doesn’t represent any move up. In fact,
if we don’t observe worker skill directly, concluding that a worker employed in
(2/,n') is better than a worker in (z, n) would in fact not be merited in the context
of this model. The only way we would be able to say without a doubt that the
worker moved up from one firm to the other (or if one worker is more skilled than
the other) is if their rank also improved, that is, if 2’ > z and ¢’ > ¢. Therefore,
this model gives us a way of comparing workers across firms and understanding
whether a move represents an improvement for the worker in a way that integrates
the way sorting operates in both the productivity and occupation dimensions.

Since the context in which workers are inserted (meaning, their skill relative to
that of their co-workers) is relevant for understanding sorting, a natural question
that arises is what role peer effects play in this comparison. One could think that
if a worker moves from a firm with less skilled workers on average to a firm with
highly skilled workers, then the peer effects of those workers would increase their
marginal product enough to merit a higher rank in the more productive firm.
However, as I show below, this is not true.

Consider a version of this model with peer effects obeying the following pro-
duction function:
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F(z, {qnm};lnzo) = (/(;m qnmdn)y [Om a(n, m)q9,dn (12)

with v > 0. This functional form, when taken in logs, results in a similar model to
that of Manski (1993)’s reflection problem, where the firm represents the worker’s
reference group and v is the intensity of the peer effects. Then, the proposition
below follows.

PROPOSITION 2. Suppose the production function exhibits peer effects in the form of
(12). Then, in equilibrium, for u(z,n,m) = w(z’, n’, m’),

z

¢ (Z_/)b(Y)

with b(y) increasing iny.

The proposition above states that higher peer effects exacerbate the "PAM-ness"
we expect to see in ranks. The reason is that, despite the benefit of working with
more skilled peers, the boost that a worker gets from those peers is proportional
to their own skill level. Then, when moving to a firm with a higher average skill
worker, the decrease in their own relative skill level is more intense, since their
new co-workers enjoy a higher boost from peer effects. This is easy to see if we
write

f(z,qnm) = 2q(z)qnm

Then, we can define 2z := zg(z) and redefine jobs in (2, @) space. With peer effects,
the move from a firm z to 2’ > z represents a more-than-proportional move in z
jobs, which means that the worker must move further down the ranks to be hired
by firm z’. Bonhomme (2021) cites the incorporation of complementarities into
models of multi-worker firms as an interesting avenue for future research and this

could be a simple, yet effective way of doing this in a model of structure choice.

6. Aggregate Implications

In this Section, we are interested in aggregate cross-sectional properties of this
model. For this, we are required to make some distributional assumptions on z
and q.
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6.1. Power Laws

I start by showing what distributions we expect to see in the data for some equilib-
rium objects assuming z and g follow power law distributions. For the purposes
of this application, a power law is a probability distribution for some random
variable X satisfying

Pr(X >x)=S(x)x'", n>1

where S : Ry - R; is a slowly varying function. A slowly varying function is any
measurable function satisfying

lim S(#%) _

=1
£5 S(x)

for all a > 0. The Pareto distribution is, of course, a particular case of a power law
distribution. With this definition, it is possbile to show the proposition below.

PROPOSITION 3. If z follows a power law, then m(z) also follows a power law. In
particular, if z is Pareto with scale parameter z,,;,, and shape parameter | > 1+ o, then

; ; 1+0 n
m(z) is Pareto with scale pz. -2 and shape ;.

The proposition above states that if we can observe the distribution of m in the
data, under the assumption that it follows a Pareto distribution, we would be able
to recover the distribution of z, G(-), provided we have a calibrated value for o.

Now, we move on to g. One important and robust fact that shows up in wage
data is that the right tail of the distribution of log wages is convex. See Figure 5, for
example, the distribution of log wages for Sdo Paulo, the most populous state in
Brazil, for the year 2017. From around the 20th percentile onward, the distribution
is clearly convex.

This model is able to match this empirical fact. Again, I assume g follows a power
law and show the following proposition.

PROPOSITION 4. If q follows a power law, then w(q) also follows a power law. In

particular, if q is Pareto with scale parameter q,,;,, and shape parameterng > 1+ o, then
0agp

w(q) is Pareto with scale T

q}T‘l*i‘T’l and shape 111—‘10 Furthermore, the distribution of log
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FIGURE 5. Distributions of log wages (normalized to be between 0 and 1) for the
state of Sdo Paulo, Brazil, in the year 2017. Source: RAIS.
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wages is convex if, and only if, the percentile function Q(p), as defined implicitly by

Pry (W <w(Q(p))) = p»

is log-convex, where Pryy is the induced probability measure of the wage distribution.

The proposition above has two parts. The first one is similar to the previous
proposition about z, that is, we can recover H(-) as long as we assume that wages
follow a Pareto distribution and we have a credible calibration for o. The second
part relates to the convexity of log wages. It imposes a restriction on the percentile
function Q( p) that the skill distribution must satisfy in order for model results to
be compatible with the data. Perhaps more importantly, it disciplines the types
of distributions that are reasonable for g if we are working with wage data that
exhibits a convex distribution for log wages.

6.2. Wage Dispersion

This model can also be used to target wage dispersion moments in the data. Using
the functional form we found for (2, n, m), we can plug it into the wage equation
to write wages as a function of jobs (z, n):

o aougnha
1+0 m(z)h—o

W(Z, TL) _ 1+o0

With the expression above, we are able to compute firm-specific measures
of wage dispersion. For example, since every firm has n = 0 as its lowest layer, a
growing CEO wage is indicative of increasing wage dispersion among firms, in a
max-min sense. The CEO wage is given by evaluating the equation above at n = m:

o
w(z,m) = maougzlm

which is obviously increasing in firm productivity.

However, a more sophisticated measure of wage dispersion is in order. With
w(z, n), we can compute within- and between-firm log wage dispersion. Within-
firm log wage dispersion is given by

AWHR _ E [Var (logwiz)]
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FIGURE 6. Heatmap of all the values of Abt;W::n for a range of combinations of (o, ).

Green cells are higher values and blue cells are lower values. Red cells indicate
hin
that 4

bewean ~ 15 within a tolerance level of 10-3.

That is, the mean of firm-specific variance of loq wages across all firms. Between-
firm log wage dispersion is given by

Abetween _ yur (E[log wiz])

That is, the total variance in firm-specific average log wages across all firms.
As an illustration, I am going to target the ratio between within and between-

firm log wage dispersion. Song et al. (2019) find a ratio of & close to 1.5 for

Abetween
the US economy for the year 2013. Maintaining the assumption that z follows a

Pareto distribution and using their estimate as a target, I show all the consistent
AWithin
Abetween
range of combinations of o and ), given a parameterization of ay, k and 2,,,;,,. As

values for parameters in (o, n)-space. Figure 6 plots the ratio for a wide
expected, higher dispersion in firm productivity (higher n) raises Abetween relative
to AWithin_ On the other hand, a higher return to worker skill (higher o) makes
wages more convex in g. Since there is PAM inside the firm, this raises AWithin
relative to Abetween,

The red line in the figure is of particular interest. It marks all the combinations

Awn‘h

benween Close enough to 1.5, within a tolerance level.

of (o,1) that generate a ratio
This exercise shows that if we are able to credibly calibrate 7, it is also possible to
obtain a calibration for the return to worker skill o by targeting the relative sizes

of within- and between-firm log wage dispersion.
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6.3. Aggregation

Finally, I present a result that reconciles the baseline model with canonical pro-
duction functions widely used in the firm dynamics literature. In particular, we
are interested in a representation of aggregate output that is consistent with neo-
classical models with representative firms and labor. Define

V- [ (2 (uzm) ) d6ez)

as aggregate output. Note that Y is the equilibrium output, taken at the equilibrium
allocation of workers to firms. Then, it is possible to show that

PROPOSITION 5. Suppose z follows a Pareto distribution with minimum value z,,,;,,.
ThenY = AL, where

m(z)
[0 w(z, n,m)dndG(z)

3

min
is the total effective units of labor in the economy and A is a constant.

The proposition above states that it is possible the represent the output re-
sulting from this particular assignment with multi-worker firms as the output
resulting from the profit maximization problem of a representative firm and a
representative worker. Note that, since we have positive profits in the model, we
can further match the results of the assignment model by assuming convex adjust-

ment costs for the representative firm. Then, the problem of the representative
firm could be written as

ﬁ:mLax AL-0—

. . .. A2 .
The profit resulting from this problem is 7 = é—e. The adjustment cost parameter
that is consistent with the level of profits in the assignment model is

0= A; Uz (n(z, m(z)) - %Z)z) dG(z)]

Therefore, with the results of the assignment model in hand, we can fully pa-

-1

rameterize a model with a representative firm that results in the same aggregate

outcomes.
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7. Extensions

In this Section, I present two possible extensions of this model and briefly discuss
how they could be implemented. None of these extensions are fully character-
ized and this Section mainly serves as robustness analysis for some of the key
assumptions of the model, as well as possible topics for future research.

71. Multi-Worker Layers

One of the most salient assumptions in this model is that firms can only hire one
worker per layer. As discussed, this imposes an unnatural restriction on firms
and confers double meaning to variable m, which serves both as firm size and
hierarchy size. Below, I present one possible way of extending the model to allow
for multi-worker layers and argue that some qualitative results are not lost with
the assumption of single-worker layers.

Consider a version of the model where g, represents the effective labor units
employed in layer n out of m. Then, gnm depends on the skill and the number
of workers in that layers. Suppose that gnm is produced through a production

function

dnm =X ({Qtnm};@gl)

where gmm is the skill of the t-th worker in layer n out of m, and Ty, is the total
number of workers in that layer. The way Ty, is determined and how it interacts
with ¢nm is equilibrium would depend on the level of complementarity between
workers in the same, as determined by function x.

As a robustness test, take as an example

Tum Tom .,
X({qmm}t:() ) = /0 Tinmdt, v>1

That is, workers inside a layer are perfect substitutes. Then, the firm’s problem in
the inner loop becomes

m Tnm ° m Tnm
max zfo a(n,m) ([o q}’nmdt) dn—[o [0 W(qtnm)dtdn

T,
{{qmm}tfgl;Tnm}nm:o

Although this may seem like a much more complicated problem on the surface,
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note that the FOC for all g, in the same layer n satisfies

W (qenm) = ovza(n, m)qm Qam

We can focus on equilibria where ginm = 1(n, m)z, that is, the assignment doesn’t
vary with t. Since all worker skills in the same layer must satisfy the same FOC,
then ginm = qprpm = qnm for all (t,t') in all layers. Additionally, gnm = Tnm@ym-
Then,

o=y va(n,m) gum
w (qnm) =0 u(n’ m) Tnm
which confirms that the same g,; satisfies the FOC of the firm for all ¢ in n.

Knowing this, the problem of the firm becomes

m ~ m B
max zfo a(n, m)Tgmquldn—fO TrnmW(qnm)dtdn

{qnm, Tnm}gzo

The FOC for Ty, yields

w(Gnm) = oza(n, m) Tam' dom

Combining with the FOC for worker skill, we obtain

l1+o0

v-1
Vdnm

Since gnm is increasing in n, we get that this model results in a pyramidal hi-

Tnm =

erarchy, as in Garicano and Rossi-Hansberg (2006). Moreover, the relationship
qnm = Tnmqym = “Td?gnm allows us to exactly compare the skill of worker in each
layer between the baseline model and this richer version. This exercise shows
that the assumption that we may only have one worker per layer is troublesome
insofar we are not willing to assume that workers are perfect substitutes within
a layer. Otherwise, the results in the baseline version can be understood as the
reduced form of a more complicated version of the model where firms also choose
the number of workers in each layer and the hierarchy is pyramid-shaped.

7.2. Search Frictions

One possible criticism that would render this model unfit for empirical applica-
tions is that it ignores a crucial aspect of the labor market, that is, it is frictional.
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However, it is straightforward to extend this model to accommodate search fric-
tions as long as we keep the assumption of separability between layers. Once
layers are no longer separable, the probability that the firm will match with other
workers affects the decision of workers to search in a particular layer and the
problem becomes intractable. Therefore, for the next part, I am going to maintain
the assumption that there are no peer effects between workers.

Suppose workers direct their search over jobs, indexed by (z, n, m). Call A(z, n, m)
the tightness ratio in each submarket, where it is defined as the number of workers
per job. Firms post a wage share w(z, n, m), which determines the share of output
that workers take home as a wage. Suppose there is an aggregate CRS matching
function that induces a probability p (A(2z,n,m)) of a firm matching with a worker.
Then, the firm’s problem in the inner loop is

max 2 [" p(\(zmm)) (1- w(zn,m) a(n, m)gdndn

{w(z:n:m)}?;o
While workers choose in which submarket to search for jobs to maximize expected
utility (assuming workers are risk-neutral):

U() - max POEmM)

o
(zn,m) A(z,n,m) w(z,n,m)a(n, m)q

Plugging U(q) into the firm’s problem, we can recast the problem of the firm
as choosing a tightness ratio and the skill of the worker for each layer:

m m
max Z _/0 p(A(z,n,m))a(n, m)qy,dn - /0 A(z,n,m)U(gnm)dn

{A(Z) n;m);‘Jnm}nm:o

The FOC for the problem above are

Zp, (7\(2, m, m)) a(n) m)u(z) mn, m)cy = U(H(ZJ mn, m))

ozp (M2, n,m)) a(n, m)u(z,n,m)° = Az, n, m)U’ (n(2, n, m))

By performing a change of variable to ¢ and a similar procedure to that in Eeckhout
and Kircher (2010), we obtain a system of differential equations again, this time in
wand A. This system can be solved numerically for each ¢ to obtain the allocation
in this market under some distributional assumption about G and H.

Moreover, we can find a condition on the production function that is necessary
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for supermodularity of F. Taking the cross-derivative with respect to z and g and
rearranging, we obtain

fzq(Z, 9)f(z,9) S |€a,m||€m,z| + |€p,}\||€}\,z|
fz(z) q)fq(zJ q) Efz

Now, the supermodularity requirement on f(z, q) is even stronger: not only does

the complementarity between z and g have to grow faster than the reduction in
importance, but it also needs to overcome the elasticity of the matching function.
The reason for this is that workers can trade off a higher value match for a higher
probability of matching. So now the increase in output from moving to a more
productive firm has to be large enough to cover the lower relative importance of
that worker in the new firm and the longer queue for that job.

8. Conclusion

This paper documents a novel empirical pattern using German administrative
data: when workers switch to higher-quality firms, they systematically have more
subordinates (higher layer) but occupy lower relative positions (lower rank) within
the hierarchy. This reveals negative assortative matching across layers but positive
assortative matching across ranks. To rationalize these findings, we construct a
tractable model of multi-worker sorting across firms and occupations where firms
endogenously choose their hierarchical structure. Due to the key assumption
that the importance function is decreasing in the total size of the hierarchy, the
allocation exhibits PAM across layers within firms and NAM across firms for fixed
layers. We use this feature to discipline the comparison of workers in different
jobs across firms and highlight the necessary degree of supermodularity to obtain
PAM across firms in this environment.

As it is, this model carries a number of simplifying assumptions made to obtain
closed-form solutions. However, this model could also be solved in a computa-
tionally cheap way by solving a simple system of first-order differential equations.
This feature of the model allows it to be used as a module that can easily be in-
corporated into larger macro models that wish to make use of the distinct sorting
patterns across firms and layers.

Some avenues for future research include the use of this model for policy
analysis and the extension to multidimensional skills. For the first application,

32



this environment would have to be integrated into a richer structural model.
However, the endogenous firm structure could be used to analyze how size-based
policies, for example, could distort labor market sorting through the distortion in
m (which, in turn, would distort the importance function and sorting inside the
firm).

For the second application, it would be interesting to expand the notion of
skill to something that captures workers’ ability in different tasks (routine and
non-routine, for example). The characterization of jobs along two dimensions
delivered some insights about how workers may move along these two dimensions
independently, so a model that marries multidimensional skills with multidimen-
sional jobs could potentially provide ways to rethink what sorting actually means
in this context. Will workers sort with jobs according to their comparative advan-
tages, or how well they transition from one task to another? That will depend on
whether production is Ricardian, CES or something else entirely. Much of the
recent literature on endogenous firm structure focuses on the level of specializa-
tion of workers inside the firm and this model could potentially deliver some rich
sorting patterns on that front as well.
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Appendix

Solution Method

The following solution method for the multi-worker assignment problem assumes
an importance function a(n, m) that depends only on the ratio between n and
m. As an abuse of notation for the next part, I am going to write the importance
function as a (Z).

First, define ¢ = I and rewrite the firm’s problem to be independent from m:

max [ a(0)f(q0)d0 - [ wlag)de

{49 }p0 70 0
We also redefine the assignment function to depend only on ¢, that is, pu(z,n,m) =

w(z, @), by slightly abusing notation again. Taking the FOC of the problem above
and evaluating at the equilibrium allocation:

w (1(z, @) = a(e) f4(z 1z, @)

This is a differential equation in w and it will be the first block of the equilibrium
system that we need to solve.

Again using the definition of ¢ and assuming G and H admit density functions,
we can rewrite the feasibility condition as

2 re , P w(z,e) o
/Z/0g<z>d<pdz—qu nq)dq, vz

By applying the Leibniz integral rule, we get the second differential equation, this

time in

ou(2, @) g(2)

0z "Mh(u(z, 9))

Then, labor market equilibrium is given by a family of functions {we, K¢ }}p:O

that satisfy the following system of differential equations:

P0G _ o(0) o2 () 12 (2)

dup(x) __&(2)
de Phlug(2)
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By solving the system above for each ¢ ¢ [0, 1], we get the allocation and the wage
for workers in any combination (2, n). Using this allocation and transforming the
functions back into (z, n, m) space, we can solve the structure choice problem.

Proofs

Proof of Lemmal
Use the guess p(n, m) = £ to plug wages and worker skills back into 7(z, ) to
obtain

Zlﬁtcra()u(c)rm

e e

The structure choice problem is then given by

Z“Gaougm K2
max -
m (1+0)(2+0) 2

Taking the FOC wrt m and rearranging, we get

m(z) _ aougzh—(x _ le+oc
Ck(l+x)(2+ )

Now that we know m(z), we can plug it into p(n, m(z)) and use feasibility to find
the pg that clears the market. On the left-hand side, we have total labor demand,
while on the right-hand side, we have total labor supply:

m(z) pon ~
]; ./0 () 2dndG(z) =M = py >0

Then, the wage equation can be written as w(q) = wg'*9, for some constant w > 0.
Since it only depends on ¢, then worker optimality is satisfied. Finally, since g > 0,
that implies 3 > 0 as well, which concludes the proof. O
Proof of Proposition 1

First, we prove a Lemma in the same vein as 3.2, but for our new importance
function.

Lemma A.1. Suppose a(n,m) = ag (2)* and c(m) = KT’”Z Then p(n,m) = uo (%),
for some constant 1 > 0 is an equilibrium. Additionally, m(z) = pz1*°, for some
constant 3 > 0.
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PROOF. Using the FOC plus our guess and plugging into the 7t(z, m), we find

1+o m a(1+0)
27 " aoko n
ey 20 (1)),

Solving the above, we find

Z1+Ga0u0m

7T(Z) m) = (]_ + 0')(1 + (X(l+ G))

Then, the structure choice problem gives

Zl+0aou0 )
K(1+0)(1+x(l+0))

m(z) _ BZIHF

Verifying that this solution is indeed an equilibrium:

m(z) n \*
/Z[o Mo( ) 2dndG(z) =M = py >0

m(2)

which implies 3 > 0 O]
Now, notice that the condition for PAM can be written as

2 (1(n,m)z) _ du(n,m) am(z)
0z om 0z
Rearranging this expression, we find the condition over elasticities

z+u(n,m)>0

|Eu’m||€m,z| <1

Note that, from Lemma A.1, [\, m| = |€q,m| = ®and |em 2| = 1+0. Then, the condition
for PAM is equivalent to

a(l+o)<1

which proves the proposition. N
Proof of Proposition 2
For this version of the model we need to assume a cost function that is more

convex in m in order to have a well-defined structure choice problem. I assume

mK+1

c(m) = B, with k > 0 + 2y. Taking the FOC of the labor choice problem, we get
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m Y-1 rm m Y
W) ==y ()" ) " ot mig (" qumn') oatn, mggit|

Conjecturing qnm = u(n, m)z and integrating over gpnm, we get

v-1 m Y a(n,m 1+0
wlanm) = 33y ([ guant) " [ atut, mgl s [ gt} o2 G

2u(n, m) m) wn,m)l+o
Then, revenue can be written as
1 m Y m
g oty ([0 w(n, m)dn) ./0 a(n,m)u(n,m)®dn

While the total wage bill is

/Omw(qnm)dn = gltoty fom %u(n, m) ([)m w(rn, m)dn)y_1 ([Om a(n, m)u(n, m)odn) dn

mia(n m)u(n, m)“(/omu(n, m)dn)y dn

+
0 1+o

which, after manipulating the integrals, yields

fom W(qnm)dn = szlto+Y ([Om w(n, m)dn)y /(;m a(n, m)u(n, m)%dn

where § = J + ;& Then,

m(z,n) = (1-8)z!*o+Y ([)m w(rn, m)dn)Y fom a(n,m)u(n,m)®dn

For this version of the problem, we need to use a slightly different version of the
assignment function, that is, u(n, m) = yon. Then, we get

(1-6)ag u2)/+0zl+y+cr
2Y(2+vy)

1+0+2y

m(z, m) =

Taking the FOC of the structure choice problem, we get

1+o+y
m(z) = Bz
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where 3 is some positive constant. Then,

w(z, 1) = Honz = oem(z)z = o ez"Y)

K—y+1

where b(y) = o2y with

V(y)oc—(k-0-2y)+2(k+1-y)=k+0+2>0.

Then, two different firms will hire the same worker if and only if

Z

1\ b(v)
w(z @) = w2, o) < % = (Z )

which concludes the proof. O
Proof of Proposition 3
First, suppose z is distributed according to a power law. Then,

Pr(m(z) > m) = Pr(pzt*% > m)

1
m\Tio
=Pr z>(—)
_g (_) To (_) +o
We can rewrite this as

Pr(m(z) > x) = S(x)xm !

1
where n, = % and §(x) = pL-mS ((%) o ) Now, we only need to show that

I+
S(rx) _ piims ((%)M)

lim =

RS g (5)7)

=1, r>0

1
To see this, we can just perform a change of variable to y = (%) % and note that,

since S is a slowly varying function, then
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lim M: lim M:1, r>0
X—>00 S(X) y—o00 S(y)

Now, suppose z follows a Pareto distribution with scale parameter z,,;, and shape
parameter n > 1+ o. Then,

Pr(m(z) >m) = Pr(z > (%)HIG)

_( Zmin )71
(m/B) e

1 n
[5 z +.G 1+o0
— min
m

which is the survival function of a Pareto distribution with parameter Bzi;lg and
shape parameter f-. O

Proof of Proposition 4

The first part of the proof is analogous to the proof for z and m. So suppose ¢ is
Pareto with scale g,,,;, and shape ng > 1+ 0. Then,

1

How o
P =P Lo hid
r(w(q) >w) r|q> ( odg )

n
_ Amin ) !

1
(Low/oag)T+o
0dp 1+0 )111%

Ho qmin
w

which is the survival function of a Pareto distribution with parameter 52 g and
shape parameter 1an<;
Finally, we need to show when the distribution of log w(q) is convex. To be precise,

convexity in this case means

2
d logw>

dp? 0
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where p is the percentile of the distribution of wages. Since in equilibrium w
depends solely on g, the condition above depends on how worker skill g changes
with the percentile of the distribution of wages. This is given by the function Q(p)
implicitly defined by

Pry (W <w(Q(p))) = p»

Then, we have

logw (Q(p)) = ¢+ (1+0)logQ(p)

where c is a constant. Then, logw is convex in p whenever

dlogw _ . Q(p)
ip -0

is increasing in p. This is true if, and only if, Q(p) is log-convex in p, that is,

Q(p)
zogop_(55) o
dp? dp

which gives the condition we were looking for. O

Proof of Proposition 5
First, we compute the total aggregate output in the economy. Plugging m(z) back
into the production function, we get the output of a firm with productivity z:

aoqu(z)zl’LU
_)/(Z) _ 02 — _ BZ2(1+0')
Then, aggregate output is
Y- [ n(2)d6()
Zmin

2(1+0) Pmin

_ +0) " min

= Bn fzmin Z peess dz

Bn 2(n-0-1)
=72 .
n-2(1+0) mn

- cz2(ro D
min

Now, we compute the total effective labor units in the economy:
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L= fz [Om(Z) w(z, n, m)dndG(z)

min

n
leOT] m(z me
1 dz
Zmin zazﬂ*

PLOHB/ 2(1+G) mm dz

oMN+0+1

mm
_ Hon B M-0-2
2(n-o0-2) mn

_ DZZn o-2
min

Then, with a little algebra, we can see

Y =AL

with A = Dz“ .

min
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